In this work, nonequilibrium molecular dynamics ͑MD͒ simulations were performed to investigate uniform liquid argon flow past a carbon nanotube. In the simulation, nanotubes were modeled as rigid cylinders of carbon atoms. Both argon-argon and argon-carbon interactions were calculated based on Lennard-Jones potential. Simulated drag coefficients were compared with ͑i͒ published empirical equation which was based on experiments conducted with macroscale cylinders and ͑ii͒ finite element ͑FE͒ analyses based on Navier-Stokes equation for flow past a circular cylinder using the same dimensionless parameters used in MD simulations. Results show that classical continuum mechanics cannot be used to calculate drag on a nanotube. In slow flows, the drag coefficients on a single-walled nanotube calculated from MD simulations were larger than those from the empirical equation or FE analysis. The difference increased as the flow velocity decreased. For higher velocity flows, slippage on the surface of the nanotube was identified which resulted in lower drag coefficient from MD simulation. This explains why the drag coefficient from MD dropped faster than those from the empirical equation or FE simulation as the flow velocity increased. It was also found that the drag forces are almost equal for single-and double-walled nanotubes with the same outer diameter, implying that inner tubes do not interact with fluid molecules.
I. INTRODUCTION
Flow around a circular cylinder has been investigated both theoretically and experimentally by a number of researchers for many years. [1] [2] [3] [4] The main interest in these studies was to obtain the flow field around the cylinder and calculate the drag force experienced. Drag on a circular cylinder in uniform flow forms the basis for studying dynamics of suspensions containing flexible fibers, [5] [6] [7] [8] which provides the information to predict fiber orientation and distribution in flowing suspensions and their macroscopic rheological properties. In recent years, carbon nanotubes, which not unlike fibers are cylindrical except with superior mechanical properties and large aspect ratios, have been widely explored to reinforce various polymeric resins. [9] [10] [11] [12] While great strides have been made to enhance the properties of polymernanotube composites, and a few experimental studies have been reported on viscosity measurements of nanotube suspensions, [13] [14] [15] little theoretical work has been done on the flow behavior and rheological properties of suspensions containing carbon nanotubes. The reason for this delay in theoretical study is the lack of experimental equipment to obtain the nanolevel drag between nanotubes and the surrounding fluid molecules. To our knowledge, at present there is no technique to measure the drag on a nanotube in liquid flow. However, molecular dynamics simulation method provides a powerful tool to investigate liquid flows at the molecular level. 16, 17 Due to the big difference in length scale, continuum theories for macroscale flow may break down when considering similar flows at nanoscale. Using nonequilibrium molecular dynamics simulations, Travis et al. studied Poiseuille flows of two different fluids: one composed of spherical particles and the other of uniaxial molecules. 18 It was reported that, in simple fluid case, classical behavior is approached when channel width is 10.2 times the molecular diameter of the fluid particle, but when channel width reduces to 5.1 times the molecular diameter, the Navier-Stokes theory begins to break down. Walther et al. investigated water flow past a single-walled carbon nanotube using nonequilibrium molecular dynamics simulation, in which two sizes of nanotubes ͑1.25 and 2.5 nm in diameter͒ and three flow speeds ͑50, 100, and 200 m / s͒ were considered in a domain size of 16.4ϫ 16.4ϫ 2.1 nm 3 . 19 Their main goal was to investigate the slippage on the nanotube, and found that slip length in the plane of the nanotube was comparable to the van der Waals distance of the carbon-water potential whereas significant slip occurred along its axis. They also calculated the fluid force acting on the nanotube. Based on a few data points obtained with the single domain size, they reported that the drag forces on the nanotubes are in reasonable agreement with the Stokes-Oseen solution for macroscale cylinders. However, one can expect that the flow and the drag on the nanotube will change with domain size. In the current work, our objective is to use molecular dynamics simulation to investigate the drag force and drag coefficient on a nanotube in liquid argon flow and compare with classical results for macroscopic cylinders. The simple molecular system allows us to consider larger domains and hence to perform a systematic study of drag on a nanotube in uniform flow. Figure 1 illustrates the unit cell of a carbon nanotubeliquid argon system used in our simulation. In the L ϫ W ϫ H cubic cell, the nanotube is fixed with an offset of 0.1W from cell center to the inlet. Around the nanotube is a saturated liquid argon at 95 K, with a density of 1342 kg/ m 3 and a dynamic viscosity of 2084ϫ 10 −7 kg/ m s. 20 Our simulation method was based on the technique by Rapaport for twodimensional ͑2D͒ liquid argon flow around a circular obstacle. 16 Initially, the argon atoms are evenly placed in the domain, and all argon atoms have an identical speed but move in random directions, resulting in a system with zero resultant velocity. The flow is initialized by superimposing a desired velocity U 0 in the y direction on all argon atoms and maintained by first redefining random velocity of atoms within 0.03W in the inlet region every 50 time steps, and then superimposing U 0 on these atoms. This technique of maintaining uniform flow also removes excess heat, which is equivalent to adding a heat sink at the inlet. 16 Periodic boundary condition is used for velocity in all three directions.
II. SIMULATION DETAILS
A single-walled carbon nanotube can be viewed as being constructed from a graphite sheet rolled up to form a cylinder. Usually a pair of integer numbers ͑n , m͒ is used to define the diameter and the helical structure ͑such as armchair and zigzag͒ of a nanotube. 21, 22 In this work, several sizes of zigzag nanotubes were used. To simplify the analysis for the simulation, the carbon nanotube is modeled as a rigid structure, in which the bonds between carbon atoms are fixed ͑bond length= 1.42ϫ 10 −10 m͒ and the carbon atoms do not move relative to each other. 19, 23 The rigid tube model is used in our study since it has been verified by Werder et al. that the consideration of carbon mobility has little effect on the hydrodynamic properties of water/carbon nanotube system. 24 With rigid nanotube models, only Lennard-Jones potentials between argon atoms and between carbon and argon pairs need to be considered in the simulations. The Lennard-Jones potential between two argon atoms i and j located at r i and r j is calculated as where Ar-Ar = 1.6567ϫ 10 −21 J is the argon-argon well depth, Ar-Ar = 3.4ϫ 10 −10 m is the argon-argon van der Waals radius, and r ij = ͉r i − r j ͉ is the distance between two argon atoms. 16 Accordingly, the interaction force for an argon-argon pair is 
where r c is a cutoff distance beyond which the interaction force is neglected and r ij = r i − r j is the vector from r j to r i . The potentials and interaction forces between carbon-argon pairs can be computed in a similar way, with parameters C-Ar = 3.573ϫ 10 −10 m and C-Ar = 1.9646ϫ 10 −21 J. 25 In this work, a cutoff distance r c = 7.65ϫ 10 −10 m is used for both argon-argon and carbon-argon pairs.
With above potentials and interaction forces, a code based on the one by Rapaport 16 for two-dimensional liquid argon flow around a circular obstacle was developed to simulate the liquid argon flow around a carbon nanotube. In coding, nondimensional parameters were used by choosing Ar-Ar , Ar-Ar , and m Ar ͑atomic mass of argon͒ as the units of length, energy, and mass, respectively, resulting in a time unit of t = 2.15ϫ 10 −12 s. In this paper, results will be presented in the nondimensional ͓or reduced molecular dynamics ͑MD͔͒ units unless otherwise stated. To reduce computation time, neighbor list method was used to calculate interactions between atoms, and the equations of motion were integrated with predictor-corrector method which allows one to step forward in time with larger time steps. Since only nonbonded Lennard-Jones interactions were present in the nanotube-argon system, a time step of 2.15ϫ 10 −15 s was used in all our simulations.
III. RESULTS AND DISCUSSION
In this work, the effects of domain size and inlet velocity on the drag force were investigated. Drag and drag coefficients from MD simulations were compared with classical results from an empirical equation and finite element analyses of flow past a circular cylinder. Finally, flow around double-walled carbon nanotubes was also simulated.
To obtain the drag force on a nanotube in crossflow, simulations were performed until the system reached steady state and maintained the state for a series of additional time steps. The number of time steps needed for a run varied from 400 000 to 1 000 000. When a lower inlet velocity U 0 was applied, more time steps were needed for the system to reach steady state. Figure 2 shows typical results of total, kinetic, and potential energies of the system as functions of time. In this case, a ͑12, 0͒ zigzag nanotube ͑diameter= 0.9422 nm͒ is placed in a domain of L ϫ W ϫ H = 2.13ϫ 30.56ϫ 25.47 nm At each time step, the instantaneous force on the nanotube is obtained by summing up forces on all carbon atoms. Figure  3͑a͒ presents three force components on the nanotube: along tube axis ͑x͒, in flow direction ͑y͒, and in cross direction ͑z͒. While force components in axial and cross directions fluctuate around zero, the component in flow direction, or instantaneous drag F d ͑t͒, vacillates around a much higher value. To characterize drag on the nanotube, time-averaged values are obtained by averaging the instantaneous drag over different periods of time. By choosing a starting time t 0 when the system reaches steady state, an average drag F d av ͑t͒ for any time after the staring point can be calculated as follows:
where N t 0 −t is the number of sampling points from t 0 to t. Figure 3͑b͒ shows the time-averaged drag along with timeaveraged forces in other two directions when t 0 = 200. It is seen that the time-averaged drag force converges with time, giving an average value of 98.67 and a standard deviation of 0.31 for t = 300-400. In this work, the time-averaged value from t 0 ͑vary from 200 to 800͒ to the end of each simulation t end ͑vary from 400 to 1000͒ will be used to characterize the drag force on the nanotube.
A. Convergence of drag force with domain size
From our experience in finite element analysis of uniform flow around a macroscale cylinder, simulated flow and drag not only depend on parameters such as cylinder diameter, flow speed, and fluid viscosity but will also converge as domain length and/or domain width increases. It is reasonable to assume that in MD simulation, the flow and drag on a nanotube will also converge with growing domain size. In our simulation, different sizes of domain listed in Table I were used. Using the smallest one as a reference, the domain size ͑numbers in the first row in Table I͒ represents the number of times the domain is magnified. It should be noted that the length of the domain ͑L = 6.265 in reduced units or 2.13 nm͒ does not change and the width-to-height ratio is fixed.
Two zigzag nanotubes, ͑6, 0͒ and ͑12, 0͒, were studied here while the inlet speed ͑U 0 = 1.0͒ was fixed. Similar to macroscale flows, Fig. 4 shows that the drag on each nanotube decreases and converges with growing domain size. The differences in drag between the last two points on the curves are 0.39% and 2.2% for CNT ͑6, 0͒ and CNT ͑12, 0͒, respectively. Hence we settled on a domain size of L ϫ W ϫ H = 6.265ϫ 90ϫ 75 ͑or 2.13ϫ 30.56ϫ 25.47 nm 3 ͒ for our parametric study.
B. Effect of inlet velocity on flow development and drag
To see how inlet velocity affects the flow development and the drag force, two nanotubes, ͑6, 0͒ and ͑12, 0͒, were considered in a 6.265ϫ 90ϫ 75 domain. The first system has 33 710 argon atoms and 120 carbon atoms, whereas the second system has 33 670 argon atoms and 240 carbon atoms. The initial random speed of argon atoms is U i = 1.55 ͑or Figure 5 shows the total energy as a function of time for the ͑12, 0͒ system when different inlet velocities from 1.0 to 2.0 were applied. It is seen that the total energy of the system is higher when a larger inlet velocity is applied, because a higher inlet velocity contributes to a higher kinetic energy. Also, for the velocity range considered, the system reaches steady state faster when a higher inlet velocity is applied. The flow is determined by the initial random speed U i of argon atoms and the imposed flow velocity U 0 . When the imposed velocity U 0 is low compared to the random speed U i , the motion of argon atoms is mostly governed by U i and it is hard for a flow pattern to form. When the imposed velocity U 0 is comparable to the random speed U i , the flow is governed by both of them. The stronger the imposed flow, the easier it is for the flow pattern to form or faster it will reach a steady state. In our simulation, the energy curves are still developing at t = 600 when U 0 = 0.1 is applied. This is similar to what was explained by Xu et al., 26 who investigated Poiseuille liquid argon flow at the nanoscale. In their study, flow is induced by applying gravity force to argon atoms. When applied gravity force is less than 0.1 times of intermolecular force, flow field could not be established. By increasing the gravity force between 0.1 and 10 times the intermolecular force, the flow profile is governed by both the gravity and the intermolecular forces. While the total energy of a system increases with the inlet velocity, from our simulation, the differences in the energy profile between different tube geometries, such as ͑6, 0͒, ͑12, 0͒, and ͑16, 0͒, are insignificant. Because the tube is relatively small, the number of carbon atoms on a tube account for less than 2% of the total atoms in all three cases. 
where is the density of liquid argon and d is the diameter of the nanotube. For comparison, the drag and drag coefficient are also calculated using the empirical equation based on experiments using macroscale cylinders by Huner and Hussey. 28 The drag force on a circular cylinder according to Huner and Hussey is
where F dLamb is the Lamb drag given by
where is fluid viscosity, and is calculated as
where ␥ = 0.577 216 is Euler's constant and Re is Reynolds number based on the diameter of the cylinder. Equation ͑5͒ is valid when Re is less than 3.0. It should be noted that since periodic boundary condition is used in our MD simulation, the actual problem is the flow around an array of carbon nanotubes. However, as illustrated in Fig. 4 , the simulated drag converges as domain size increases, implying that a converged drag from a large unit cell can be approximated as unbounded flow around a single nanotube. Table II shows that the drag force on a nanotube increases with the inlet velocity. Meanwhile, the ratio of the drag coefficient from MD simulation to that from the empirical equation increases as the inlet velocity decreases. When the inlet velocity of U 0 = 0.25 ͑39.49 m / s͒ is applied, the simulated drag is about 92%-100% larger than that calculated from the empirical equation. It can be concluded that empirical equation for drag on macroscale cylinders does not translate to scale of the order of the diameters of carbon nanotubes. However, when the inlet velocity increases, the ratio of MD to empiri- cal drag decreases, implying that the drag coefficient from MD reduces faster than that from the empirical equation. This might be explained by the slippage that occurs on the nanotube surface when a high inlet velocity is applied. To demonstrate slippage on the surface of the nanotube, the flow velocity as a function of z was measured based on a thin volume normal to flow direction which contains the nanotube axis ͑Fig. 6͒. The thickness of the volume is one-fifth of the nanotube diameter. The volume is further sliced into subregions in the z direction; the height of each subregion is about one-eighth of the nanotube diameter. Velocity in each subregion is taken by averaging the velocities of all particles in it from t = 200 to 400. Figure 7͑a͒ shows the velocity profile of the ͑12, 0͒ system when inlet velocities are 0.5, 1.0, 1.5, and 2.0. It is seen that the flow velocity drops more sharply near the nanotube when a higher inlet velocity is applied, which implies a larger slip velocity on the nanotube surface. 18 Figure 7͑b͒ magnifies the central part of Fig. 7͑a͒ , highlighting flow velocity in subregions in the vicinity of the nanotube. The flow velocities in the two subregions on the top of the nanotube and the two under the bottom are all zero. In fact, the measured molecular number densities in these subregions are zero, meaning no argon atoms appear in these subregions. Thus, there is a depletion zone ͑gap͒ in which argon atoms cannot enter due to the repulsive force from the nanotube. Next to this zone, the flow velocity, or wall velocity, increases with inlet velocity. For U 0 = 0.5 and 1.0, the wall velocities are close to zero. However, for U 0 = 1.5 and 2.0, the wall velocity is nonzero, indicating that there is slippage outside the nanotube, and the larger the inlet velocity, the bigger the nonzero wall velocity. This explains why the drag coefficient from MD simulations reduces faster than that from the empirical equation as the inlet velocity increases.
C. Finite element analysis of similar flows
One may argue that the above comparison between drag coefficients from MD simulation and the empirical equation is inappropriate because the domain used in MD simulation might not be large enough. To address the domain-size issue, 2D finite element analyses of flow past a circular cylinder were performed using Navier-Stokes equations with commercially available FIDAP software.
29 Figure 8 shows the mesh used in our simulation, where nondimensional parameters of the ͑12, 0͒ system in the above MD simulation were used. No-slip boundary was applied to the surface of the cylinder and all other boundary conditions were the same as in MD simulation. Figure 9͑a͒ compares the drag coefficients between MD and finite element ͑FE͒ simulations, in which the results from the empirical equation are also plotted. It is seen although the FE results do not match empirical ones perfectly, the two curves demonstrate the same trend. The difference between them is due to the effect of finite domain size. When the inlet velocity ͑or Reynolds number͒ increases, the difference decreases since inertia effect is more important than viscosity effect and domain size becomes less important. Figure 9͑a͒ also shows that the MD results have a different trend as compared to FE results based on a continuum mechanics approach. At the slow flow end, the drag calculated from MD is larger as compared to the FE results. As the inlet flow velocity increases, the drag coefficient from MD reduces faster than that from FE due to slippage on the tube surface that occurs in MD simulations. The drag data for carbon nanotube in water flow by Walther et al. also show this trend of the drag coefficient reduction from MD, although they concluded that the drag on nanotubes from MD simulation was in good agreement with the macroscopic Stokes-Oseen solution. Figure 9͑b͒ shows that their drag coefficient from MD is larger than from the Stokes-Oseen equation during slow flow end but drops below the latter as the flow becomes faster. Table III lists the ratio of MD to FE drag coefficient. When a flow velocity of U 0 = 0.1 is applied, drag from MD is about 36% larger than that from FE. It should be noted that drag coefficients from FE would drop down if slip is allowed on the surface of the cylinder, implying that the difference in drag between MD and FE would be bigger for slow flows. Also, this difference increases as the flow velocity decreases, and a much bigger difference would be expected for a much lower inlet velocity. In summary, continuum mechanics based FE underestimates the drag when flow velocity is low ͑in this study, U 0 ഛ 1.25, or 197.5 m / s͒. The slower the flow, the bigger the difference in calculated drag.
D. Single-and double-walled nanotubes
MD simulations also allow us to investigate possible differences in drag dynamics when considering flow past a single-walled nanotube as compared to flow past a doublewalled nanotube with the same outer diameter. To gain insight into the effect of inner tube on the drag, a single-walled nanotube ͑16, 0͒ and two double-walled nanotubes ͑16, 0͒ / ͑6,0͒ and ͑16, 0͒ / ͑12, 0͒ were investigated. Simulations were performed on the domain size of 6.265ϫ 70 ϫ 58 and two inlet velocities of U 0 = 1.0 and 1.5. The minimum energy configuration requires the interlayer distance of double-walled nanotubes to be around 0.339 nm. 30 However, the interlayer distances are 0.3897 nm for the ͑16, 0͒ / ͑6,0͒ tube and 0.1562 nm for the ͑16, 0͒ / ͑12, 0͒ tube. The latter tube with very small interlayer distance was fictitiously designed such that carbon atoms on the inner tube can be allowed to have possibly strong interactions with argon atoms outside the nanotube. Table IV lists the simulated drag. It can be seen that the drag forces are of the same order, especially between ͑16, 0͒ and ͑16, 0͒ / ͑6,0͒. There is no big difference in drag between the ͑16, 0͒ and the ͑16, 0͒ / ͑12, 0͒ nanotubes, although the inner layer is extremely close to the outer layer in the latter case. This is because the distances between argon atoms and carbon atoms on the inner tube are relatively large, so their interaction forces can be neglected. This phenomenon is similar to the macroscale case: the drag force on a hollow cylinder should be the same as that on a solid cylinder of the same size under the same flow conditions. Even if a rigid solid cylinder of the same size with the same atomic arrangement on the surface is employed, we do not expect the simulation results to be much different, since there are only weak interaction between the fluid molecules and the inner atoms on the cylinder. However, if the surface atom density changes, we believe that the simulation results will change accordingly.
IV. CONCLUSIONS
In this work, nonequilibrium MD simulations were performed to investigate uniform liquid argon flow around a nanotube. It was found that the calculated results for the drag force are different from what one would expect from continuum mechanics. The drag coefficient from MD simulations was compared to an empirical equation based on experiments using macroscale cylinders. The results show that when the inlet velocity was low, the drag from MD simulation was much larger than the one calculated from the empirical equation. As the flow velocity was increased, the simulated drag from MD dropped faster and fell below the empirical result. This was attributed to slippage of the argon atoms on the nanotube at large velocities. The above conclusion was also confirmed by performing finite element method simulations of flow past a cylinder using continuum approach for the same dimensional similitude. At the continuum level, one would expect the drag force to reduce with slippage. Thus, our results show that the flow at the nanoscale level is fundamentally different than what one expects at the continuum level. It should be noted that our conclusions are based on a simple molecular system. We think that these conclusions would also extend to polyatomic molecules ͓as shown in Fig. 9͑b͒ , where water molecules were considered by Walther et al. in Ref. 19͔ , but further investigation is necessary to confirm our opinion. We also showed that the difference in drag is negligible when considering flow past a single-walled nanotube as compared to flow past a doublewalled nanotube with the same outer diameter. 
